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We study the two flavour non-local Nambu–Jona-Lasinio (NJL) model in the presence of a mag-
netic field and explored the chiral crossover in presence of a non-local form of the ’t Hooft deter-
minant term. Its coupling is governed by a dimensionless parameter c. This term is responsible for
the explicit breaking of U(1)A symmetry. We have attempted a systematic analysis of the model
parameters by fitting to self-consistent lattice QCD calculations. Three parameters of the model
are fixed by eB = 0 results from published lattice QCD on the chiral condensate, the pion decay
constant (Fpi), and the pion mass. The difference of the u and d quark condensates in the presence
of a magnetic field (eB) is quite sensitive to c and we fix c using published lattice QCD results for
this observable. We see no evidence that c depends on eB. The crossover temperature decreases
with increasing eB only for condensate values at the lower end of the allowed values (as already seen
in [1]) and Fpi at the upper end of the allowed values. We further check our model predictions by
calculating the topological susceptibility with the fitted c values and compare it with lattice results.
Since the topological susceptibility is related to the extent of the U(1)A symmetry breaking, we find
that it is sensitive to the value of c.
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2I. INTRODUCTION
The study of quantum chromodynamics (QCD) matter in the presence of strong magnetic fields is a topic of current
interest (see [2] for a broad review). Phenomenologically, it is interesting because a strong magnetic field is present in
the initial stages of Heavy Ion Collisions (HICs) (∼ 15m2pi;m2pi ≈ 1018 G) [3, 4]. Intense fields in the range 1014−1019G
may also exist in the core of magnetars [5].
The QCD phase diagram in the presence of magnetic fields, particularly the chiral crossover, has been heavily
studied for last few decades. From different effective QCD model investigations [6–14] and from the earliest lattice
QCD study [15] it was generally believed that at zero chemical potential the value of the chiral condensate at any
temperature T in the presence of magnetic field will be larger than its value at eB = 0. This property is termed as
magnetic catalysis (MC).
With more controlled lattice calculations [16, 17] the chiral condensate was found to decrease with increasing
magnetic field near the crossover temperature. This behaviour was termed as inverse magnetic catalysis (IMC). These
effects have been studied for various magnetic fields and mpi [16–20]. This sharper reduction in the condensate in
the crossover region often leads to a reduction of the crossover temperature with increasing eB, which we will also
loosely call the IMC effect below. (A reduction in the crossover temperature does not imply the IMC effect for mpi
significantly larger than the physical pi mass [19].)
Since IMC was discovered using lattice QCD, several attempts have been made to understand it through effective
QCD models [1, 21–33]. A family of local Nambu—Jona-Lasinio [34, 35] (NJL) models explains the IMC by incorpo-
rating the effect of the energy scale eB on the four fermion coupling. The motivation for this choice is that in QCD
the presence of this additional energy scale is expected to weaken the coupling as eB increases. Modelling this effect
by reducing the four Fermi interaction strength with eB leads to IMC in the crossover region.
The NJL interaction is local, which makes the model simple yet powerful. The price paid for the model’s simplicity
is the fact that the results of observables might depend on the regularization procedure used. The most popular
regularization used is the introduction of a three momentum cut-off. In this scheme the QCD interaction is assumed
to be constant up to the value of the cut-off and modes above the cut-off are dropped. This procedure misses the
important nature of running of QCD coupling constant with energy and hence the reduction in the coupling constant
as a function of eB needs to be put in by hand.
The non-local [36–40] version of the NJL model is introduced to overcome some of the above mentioned drawbacks of
the local NJL model. Technically the resulting expressions for the observables in the theory are similar to implementing
a soft cut-off using form factors that decrease with increasing momenta but the intuition is more than that. The
reduction of the quark interaction with increasing energy qualitatively mimics the nature of the running of the QCD
coupling constant. The non-local version of the model also describes spontaneous chiral symmetry breaking. Some
aspects of confinement have also been described in the model [36, 37].
The non-local version of the NJL model has been used to describe QCD matter under strong magnetic field. In
contrast to the standard NJL model (where one needs to use multiple fitted parameters [22, 23]), it naturally leads
to the effect of IMC [1] without using a four Fermi interaction that explicitly depends on eB. To keep note of the
chronology of the actual development it should be mentioned here that the first attempt of incorporation of magnetic
field in non-local NJL model showed MC at all temperatures [41]. There the magnetic field was introduced just like
what is usually done in local NJL model. On the other hand in Ref. [1] the analysis was performed following a
more rigorous procedure based on the Ritus eigenfuncion method [42] with the inclusion of a non-local quark model
with separable interactions including a coupling to a uniform magnetic field. Our choice of working with this model
particularly stems from this important fact that it naturally shows the IMC effect near crossover in agreement with
lattice results.
Here we build upon the work of Refs. [1, 43] and study the two flavour non-local NJL model in presence of magnetic
field to explore the chiral phase transition. In this paper we will focus on the Gaussian form factor, which is one of
the two considered by Refs. [1, 43].
The first addition to Ref. [1, 43] is that we add to the non-local form of the standard four Fermi NJL interaction,
the ’t Hooft determinant term with an arbitrary coupling constant. The usual NJL interaction has the well known
form
G0[(ψ¯ψ)
2 + (ψ¯iγ5τaψ)2] (1)
which can be written as the sum of U(1)A symmetric term (L1 in Eq. 4 below) and a U(1)A breaking ’t Hooft
determinant term (L2 in Eq. 5 below) with equal coupling. The ’t Hooft determinant term arises due to instantons
and is included in such effective QCD models to break the U(1)A symmetry which mimics the axial anomaly in QCD.
The difference between the two couplings is governed by the dimensionless parameter c (defined in Eq. 7 below). For
c = 1/2 the strength of the two couplings is equal and the interaction is of the form Eq. 1. Ref. [1, 43] considered the
non-local generalization of this case. By allowing the two couplings to be independent (c 6= 1/2), the sum of the u and
3d quark condensates and the difference of the u and d quark condensates are governed by two independent coupling
constants.
In the absence of any iso-spin symmetry breaking the u and d condensates are equal (we assume mu = md) and so
are the respective constituent quark masses. The value of c does not play any role as only the sum of the u and d
condensates is non-trivial.
If one considers non-zero isospin chemical potential (µI [44]) or/and magnetic field (eB [10]), the independent
appearance of both the u and d quark condensates in the u and d constituent masses becomes important. This effect
has been termed as “flavour mixing” [44] in the literature (although “flavour coupling” might be a more appropriate
term). This “flavour mixing” depends on c.
These facts make the consideration of an arbitrary strength of ’t Hooft interaction in the presence of a magnetic
field quite relevant. With these combined effects of instantons and magnetic field the exploration becomes more
interesting. On one hand the “flavour mixing” effects coming via the instantons try to restore the isospin symmetry
and on the other hand the strength of the magnetic field breaks it further as the different flavours couple with the
magnetic field with different strengths [10].
One important result of our analysis is that an eB independent c describes the lattice results for the u, d condensate
difference at T = 0 quite well, and this allows us to extract the value of c using lattice results on the u, d condensate
difference. Results for the thermodynamics of iso-symmetric matter cannot be used to constrain c. To our knowledge
this is the first attempt to constrain c using lattice results.
The results of [1, 33] for the u, d condensate difference at T = 0 as a function of eB with c = 1/2 agree quite well
with the lattice results when the model is fitted to larger value of the sum of the u, d condensate at eB = 0. However
the condensate differences for different values of magnetic field, have not been contrasted against the lattice QCD
data for finite T . Here we aim to compare our findings for both zero and nonzero temperature with the lattice data
with c fitted to T = 0 results.
Our second addition is a more systematic analysis of the parameters of the model by fitting to a self-consistent set
of lattice results. The pertinent parameters for eB = 0 in the non-local NJL model are the overall four Fermi coupling
strength G0, the “cutoff” Λ (which determines the momentum beyond which the form factor drops rapidly), and the
bare quark mass m. These are fitted to Fpi, mpi and the condensate 〈ψ¯ψ〉. (Recall that c does not play a role for
eB = 0.)
In Ref. [1] it has already been demonstrated that IMC in the crossover region is seen only for smaller values of the
chiral condensate within a physically motivated range of values (Ref. [1] considered a range of values of (〈ψ¯ψ〉)1/3
from 210MeV to 240MeV.), especially for the Gaussian form factor.
In this paper, we fit the model to self-consistent calculations of the chiral condensate and Fpi for realistic mpi, on
the lattice. One parameter set we consider is by Ref. [45] which systematically controls for LQCD discretisation
artefacts by continuum extrapolation and controls for finite size effects. The central value of the condensate for this
set is 〈ψ¯fψf 〉1/3 = 261 MeV. The second set we consider are results by JLQCD, with a lower value of condensate
〈ψ¯fψf 〉1/3 = 240 MeV [46]. We denote a specific flavor f (u or d) of the ψ as ψf . When f is summed over, we denote
the bilinear as ψ¯ψ.
Like Ref. [1] we also find that within the error band of 〈ψ¯fψf 〉1/3 IMC is obtained for the condensates near the
lower edge of the range. In addition we find that within the error band of Fpi to get a better match with the phase
diagram given by LQCD [16] one needs to consider Fpi towards the upper edge of the range. Our analysis clearly
indicates that the obtainment of IMC effect in such non-local effective QCD model also depends on the values of Fpi.
In addition to the above two improvements, the inclusion of the parameter c presents us with the scope of exploring
the temperature evolution of the axial anomaly breaking term. In particular it is expected that the U(1)A symmetry
gets restored at high enough temperature, estimated to be near or above the chiral crossover temperature [47]. Here
the investigation becomes more interesting in the presence of magnetic field, which breaks the iso-spin symmetry as
well. One observable that can be impacted by a finite c is the topological susceptibility (χt) and we also calculate it
as a function of eB and T for the fitted values of the parameters. χt has been calculated for the local NJL model for
physically motivated values of c before [48, 49]. We now calculate this in the non-local case and compare with lattice
calculations, which helps to provide an extra check on our model.
We organise the paper as follows: In section II we briefly review the formalism for the model used in this article.
We start the discussion by considering the instanton term at zero temperature and magnetic field in non-local model
and subsequently in the subsection II A we shift the focus to the scenario for non-zero temperature and magnetic field.
In the subsection II B we give a brief description for the topological susceptibility. Then in section III the results
of the paper have been outlined. In the subsection III A we give details of the fitting of the model parameters and
the necessary criteria. We show the results for the fitting of the U(1)A symmetry breaking parameter c at zero eB
and T in the subsection III B. In the subsection III C we show the model prediction for condensate average, phase
diagram and condensate difference with the fitted c value and compare them with the available LQCD results. We
further show the model predictions for χt with the fitted c values along with the comparison with LQCD results in
4the subsection III D. Finally, in section IV we conclude.
II. FORMALISM
In this section we briefly discuss the formalism used in the non-local NJL model. As mentioned earlier our main
goal is to study the interplay between the effect of the magnetic field and the ’t Hooft determinant term, particularly
the interplay of the magnetic field on the strength of the explicit axial symmetry breaking.
In the standard NJL model the strengths of axial symmetric and axial symmetry breaking interaction terms are
equal [50, 51]. We follow the prescription of Ref. [44] where they have considered a general NJL Lagrangian with
arbitrary interaction strengths for U(1)A symmetric and breaking interactions,
LNJL = L0 + L1 + L2, (2)
where the kinetic term is
L0 = ψ¯
(
i/∂ −m)ψ, (3)
and the interactions are given by,
L1 = G1
{
(ψ¯ψ)2 + (ψ¯~τψ)2 + (ψ¯iγ5ψ)
2 + (ψ¯iγ5~τψ)
2
}
and (4)
L2 = G2
{
(ψ¯ψ)2 − (ψ¯~τψ)2 − (ψ¯iγ5ψ)2 + (ψ¯iγ5~τψ)2
}
(5)
with L1 being symmetric under U(1)A but L2 is not. ~τ represents Pauli matrices.
In the absence of iso-spin chemical potential (µI) and magnetic field (eB) (we take mu = md), the chiral condensate
〈ψ¯(x)ψ(x)〉 (6)
spontaneously breaks the (approximate) SU(2)A symmetry. In mean field theory it depends only on the combination
(G1 +G2). The state is SU(2)V symmetric.
In the presence of µI or/and eB as the SU(2)V symmetry is explicitly broken one can have 〈ψ¯τ3ψ〉 condensate
which depends also on the combination (G1 −G2). We can parameterize the coupling constants as
G1 = (1− c)G0/2
G2 = cG0/2 . (7)
where c = 1/2 corresponds to the usual NJL model.
The local version of the NJL model lacks few important features of the full QCD theory. For example, asymptotic
freedom, momentum dependent constituent mass etc. To implement these features in NJL type models qualitatively,
one may consider the non-local version of it. With a non-local form factor one can qualitatively incorporate the idea
of asymptotic freedom in NJL model.
The non-local NJL Lagrangian has the same structure as Eq. 2 where the interaction term can be written as [1, 33,
36–40, 43],
L1 = G1 {ja(x)ja(x) + jb(x)jb(x)} and
L2 = G2 {ja(x)ja(x)− jb(x)jb(x)} .
Here ja(x) are the non-local currents, given by (Scheme II) [43]
ja/b(x) =
∫
d4z H(z)ψ¯
(
x+
z
2
)
Γa/bψ(x− z
2
), (8)
where Γa = (I, iγ5~τ), Γb = (iγ5, ~τ) and H(z) is the non-local form factor in position space.
For the rest of this section let us assume that iso-spin is a symmetry of the system (neither µI nor eB is present).
With G2 6= 0 in the chiral limit the symmetry of the above Lagrangian is
SU(2)V × SU(2)A × U(1)V . (9)
(With G2 = 0 it has an additional UA(1) symmetry.)
The next step is to integrate out the fermionic degrees of freedom and to do so one needs to linearize the theory which
can be done with the help of Hubbard–Stratonovich (HS) transformation. In the HS transformation one can introduce
4 auxiliary fields associated with the 4 different type of interactions. For a detailed bosonization calculation one can
5look in Appendix A of Ref. [52]. We mark the isoscalar and isovector auxiliary fields by σ and pi respectively, and use
‘s’ and ‘ps’ in the subscripts to denote Lorentz scalar and pseudoscalar, respectively. In a mean-field approximation
some of the auxiliary fields have an equilibrium expectation value.
The expectation value of operators in the pseudoscalar channel is 0 due to parity conservation. In absence of µI
and eB, iso-spin symmetry ensures
〈ψ¯(x)~τψ(x)〉 = 0 (10)
This makes the Free Energy (Ω) and other vacuum observables independent of c.
The auxiliary field σs is given by
σs(x) =
∫
d4z H(z)ψ¯
(
x+
z
2
)
ψ(x− z
2
) (11)
With only the non-zero scalar-isoscalar auxiliary field, one gets the mean-field Lagrangian as
LMF = ψ¯(x)
(
δ4(x− y)(i/∂ −m)−H(x− y)σs
(
x+ y
2
))
ψ(y)− 1
2G0
H(x− y)σ2s
(
x+ y
2
)
. (12)
In this work we will assume that the mean-field is homogeneous and isotropic throughout space and time (take σs
in Eq. 11 independent of x). With the above assumption one can obtain the formal expression for the mean-field
action in Euclidean momentum space as
SMF
V (4)
= −2NfNc
∫
d4q
(2pi)4
ln
[
q2 +M2(q)
]
+
σ2s
2G0
, (13)
In the mean field approximation the constituent quark mass is given by,
M(q) = m+ h(q, q)σs . (14)
h(p, p′) is the non-local form factor in momentum space, the Fourier transformation of H(x−y). It is function of only
p+ p′ as one can see from Eq 12.
We follow the procedure used in Ref. [43] and consider the non-local form factor to be Gaussian. The explicit form
is,
h(p, p′) = e−(p+p
′)2/(4Λ2) (15)
The self-consistent gap equation has the following form,
σs = 8Nc G0
∫
d4q
(2pi)4
h(q, q)
M(q)
q2 +M2(q)
. (16)
With σs given by Eq. (16) one can calculate the formal expression for the local condensate by differentiating the Ω
with respect to current quark mass as
〈ψ¯f (x)ψf (x)〉 = − 4Nc
∫
d4q
(2pi)4
M(q)
q2 +M2(q)
. (17)
We note that the right hand side in Eq. 33 is not convergent away from the chiral limit (substituting m = 0 in
Eq. 14 implies that M(p)→ 0 at large p) and needs to be regularized. This can be done by subtracting the identical
expression with M = m. This prescription can be seen as following from Eq. 13 if we subtract the analogous term
from the formal expression of the free energy to make it regular.
Now, to fit the model parameters we use pion mass and also pion decay constant. To get the pion mass we need
to calculate the pion propagator which can be obtained from the quadratic term in the pionic fluctuation from the
bosonized action as
G±(p2) =
1
G0
− 8Nc
∫
d4q
(2pi)4
h2(q+, q−)
[(q+ · q−)∓ Σ(q+)Σ(q−)]
[(q+)2 + Σ2(q+)] [(q−)2 + Σ2(q−)]
(18)
where + sign in G± corresponds to the σ mode and − sign to the pionic mode with q± = q ± p/2. The pion mass is
obtained from
G−(−m2pi) = 0 . (19)
6Following the steps given in Ref. [43] we use the expression for pion decay constant
m2pi Fpi = m Z
1/2
pi J(−m2pi) , (20)
where J(p2) given by
J(p2) = 8Nc
∫
d4q
(2pi)4
h(q+, q−)
[(q+ · q−) +M(q+)M(q−)]
[(q+)2 +M2(q+)] [(q−)2 +M2(q−)]
, (21)
and Zpi is related to the piψ¯fψf coupling constant and is given by
Z−1pi =
dG−(p)
dp2
∣∣∣∣
p2=−m2pi
. (22)
Eqs. (33), (19) and (20) are used to fit the free parameters of the model, m (current quark mass), G0 and Λ with
a given form factor. In the case of Gaussian form factor Λ characterizes the range of non-local interaction. In other
words it controls how fast we are going to achieve the asymptotic freedom. These parameters are fitted to obtain a
phenomenologically allowed quark condensate, physical pion mass and pion decay constant.
A. Non-zero Temperature and Magnetic Field
To include both the temperature and magnetic field we follow the procedure given in Ref. [1]. Since the isospin
SU(2) symmetry (both vector and axial) is broken in presence of a magnetic field, we introduce another auxiliary
field pis [10]. Pseudoscalar mean-fields are still not allowed due to the parity symmetry.
Introducing these two auxiliary fields (σs, pis, introduced in the previous section) one can obtain the effective
Euclidean action using the mean field Lagrangian,
Sbos = − ln detD + 1
2G0
∫
d4x σ2s(x) +
1
2(1− 2c)G0
∫
d4x ~pis(x) · ~pis(x), (23)
where the fermionic determinant is given by
D
(
x+
z
2
, x− z
2
)
= γ0 W
(
x+
z
2
, x
)
γ0
[
δ(4)(z)
(− i/∂ +m)+H(z)[σs(x) + ~τ · ~pis(x)]]W (x, x− z
2
)
. (24)
Here W (x, y) is given as W (x, y) = P exp
[
− iQˆ ∫ y
x
drµ Aµ(r)
]
. As for the non-magnetic field scenario here also we
will assign space-time independent meanfield values to the auxiliary fields. Without loss of generality we can choose
~pis to be in the τ
3 (pi3s) direction. As already mentioned, all other pseudo-scalar auxiliary fields are chosen to have
zero mean field values. Then the fermionic determinant and the action become
DMFA(x, x′) = δ(4)(x− x′)
(
−i/∂ − QˆB x1 γ2 +m
)
+(
σs + τ3pi
3
s
)G(x− x′) exp [ i
2
QˆB (x2 − x′2) (x1 + x′1)
]
and (25)
Sbos = − ln detDMFA + 1
2G0
∫
d4x σ2s +
1
2(1− 2c)G0
∫
d4x
(
pi3s
)2
, (26)
respectively.
Following the Ritus eigenfunction method [42] as employed in Ref. [1], we obtain the constituent mass for a Gaussian
non-locality form factor as,
Mλ,fq‖,k = m+
(
σs + sfpi
3
s
) (1− |qfB|/Λ2)k+λsf−12
(1 + |qfB|/Λ2)k+
λsf+1
2
exp
(− q‖2/Λ2) (27)
7with sf = sign(qf) and the action per unit volume is given by
SMFAbos
V (4)
=
σ2s
2G0
+
(pi3s)
2
2(1− 2c)G0 −Nc
∑
f=u,d
|qfB|
2pi
∫
d2q‖
(2pi)2
{
ln
[
q2‖ +
(
M
sf ,f
q‖,0
)2]
+
∞∑
k=1
ln
[(
2k|qfB|+ q2‖ +M−1,fq‖,k M
+1,f
q‖,k
)2
+ q2‖
(
M+1,fq‖,k −M
−1,f
q‖,k
)2]}
. (28)
The two gap equations can be obtained by differentiating the above equation with respect to σs and pi
3
s as
1
V (4)
dSMFAbos
dσs
=
σs
G0
−Nc
∑
f=u,d
2|qfB|
2pi
∫
d2q‖
(2pi)2
{
M
sf ,f
q‖,0 A
sf ,f
q‖,0
q2‖ +
(
M
sf ,f
q‖,0
)2 +
∞∑
k=1
[(
2k|qfB|+ q2‖ +M−1,fq‖,k M
+1,f
q‖,k
)(
A−1,fq‖,k M
+1,f
q‖,k
+M−1,fq‖,k A
+1,f
q‖,k
)
(
2k|qfB|+ q2‖ +M−1,fq‖,k M
+1,f
q‖,k
)2
+ q2‖
(
M+1,fq‖,k −M
−1,f
q‖,k
)2 +
q2‖
(
M+1,fq‖,k −M
−1,f
q‖,k
)(
A+1,fq‖,k −A
−1,f
q‖,k
)
(
2k|qfB|+ q2‖ +M−1,fq‖,k M
+1,f
q‖,k
)2
+ q2‖
(
M+1,fq‖,k −M
−1,f
q‖,k
)2
]}
= 0 and (29)
1
V (4)
dSMFAbos
dpi3s
=
pi3s
(1− 2c)G0 −Nc
∑
f=u,d
sf
2|qfB|
2pi
∫
d2q‖
(2pi)2
{
M
sf ,f
q‖,0 A
sf ,f
q‖,0
q2‖ +
(
M
sf ,f
q‖,0
)2 +
∞∑
k=1
[(
2k|qfB|+ q2‖ +M−1,fq‖,k M
+1,f
q‖,k
)(
A−1,fq‖,k M
+1,f
q‖,k
+M−1,fq‖,k A
+1,f
q‖,k
)
(
2k|qfB|+ q2‖ +M−1,fq‖,k M
+1,f
q‖,k
)2
+ q2‖
(
M+1,fq‖,k −M
−1,f
q‖,k
)2 +
q2‖
(
M+1,fq‖,k −M
−1,f
q‖,k
)(
A+1,fq‖,k −A
−1,f
q‖,k
)
(
2k|qfB|+ q2‖ +M−1,fq‖,k M
+1,f
q‖,k
)2
+ q2‖
(
M+1,fq‖,k −M
−1,f
q‖,k
)2
]}
= 0, (30)
respectively. Here Aλ,fq‖,k is given by
Aλ,fq‖,k =
(
1− |qfB|/Λ2
)k+λsf−12
(1 + |qfB|/Λ2)k+
λsf+1
2
exp
(− q‖2/Λ2). (31)
Using these two gap equations we obtain the mean field values σs and pi
3
s . σs is proportional to the average of u
and d condensates and pi3s to the difference of them and since pi
3
s = 0 for eB = 0, we expect that for eB small enough
abs(σs) ≥ abs(pi3s) . (32)
Now looking at the Euclidean action (Eq. 28) in the chiral limit (m = 0) without the mean-field part (i.e., terms
one and two on the right hand side), one observes that it is symmetric under the interchange of σs and pi
3
s . Then it
becomes important to know what guarantees a higher numerical value to σs solution compared to pi
3
s and not vice
versa. Where a smaller solution for σs compared to pi
3
s simply implies that the sign of u and d condensates are different
which is unphysical. This symmetry is broken by the mean field terms. c 6= 0 breaks this symmetry and in the chiral
limit we found out that with c > 0 we always end up with physically acceptable solutions, but for c < 0 we do not.
Hence c = 0 is the boundary line between these two scenarios.
The introduction of a small quark mass (m) shifts this boundary to a slightly negative value in c. This understanding
will be crucial to describe some of our findings discussed later in the results section.
8The formal expression for the quark condensate for individual flavors (u and d) can be obtained by differentiating
the action with respect to the corresponding current quark mass as before,
〈ψ¯fψf 〉 = −Nc
∑
f=u,d
2|qfB|
2pi
∫
d2q‖
(2pi)2
{
M
sf ,f
q‖,0
q2‖ +
(
M
sf ,f
q‖,0
)2 +
∞∑
k=1
(
2k|qfB|+ q2‖ +M−1,fq‖,k M
+1,f
q‖,k
)(
M+1,fq‖,k +M
−1,f
q‖,k
)
(
2k|qfB|+ q2‖ +M−1,fq‖,k M
+1,f
q‖,k
)2
+ q2‖
(
M+1,fq‖,k −M
−1,f
q‖,k
)2
}
. (33)
In the large-p region one easily find out that the above integral is divergent with non-zero quark masses. To obtain
finite condensate one need to regularize it. Here we have used the same regularization procedure as used in Ref. [1],
〈ψ¯fψf 〉regB,T = 〈ψ¯fψf 〉B,T − 〈ψ¯fψf 〉freeB,T + 〈ψ¯fψf 〉free,regB,T , (34)
where ”free” implies that there is no self-interaction and 〈ψ¯fψf 〉free,regB,T is given by
〈ψ¯fψf 〉free,regB,T =
Ncm
3
4pi2
[
ln Γ(xf )
xf
− ln(2pi)
2xf
+ 1−
(
1− 1
2xf
lnxf
)]
+
Nc |qfB|
pi
∞∑
k=0
αk
∫
dq
2pi
m
Efk
(
1 + exp[Efk /T ]
) ; (35)
with xf = m
2/(2 |qfB|). It is obvious that the ‘free, reg’ term will be zero in absence of magnetic field.
Finally to compare our findings with LQCD results [17] we use their definition of the renormalised condensate,
which was used to cancel both additive and multiplicative divergences that appear in the lattice calculation. The
form is given below
ΣfB,T =
2m
N 4
[
〈ψ¯fψf 〉regB,T − 〈ψ¯fψf 〉reg0,0
]
+ 1, (36)
where N is given by N = (mpiFpi,0)1/2 which follows from Gell-Mann-Oakes-Renner (GOR) relation, mpi is the neutral
pion mass and Fpi,0 is the pion decay constant in the chiral limit.
B. Topological susceptibility
In this section we briefly discuss the formalism to calculate the topological susceptibility (χt). Here the discussion is
done based on local NJL model formalism, which can be easily converted to the non-local version by simply following
the same procedure as used to obtain Eq. 8.
We know that in QCD χt can be formally related to the mass of the axion field [53, 54]. The existence of a dynamical
axion is considered to be a possible solution of strong CP problem (the absence of charge and parity violation in
strong interaction) [53]. It is also well known that the instanton contributions in strong interaction can lead to a
possible CP violation [55, 56]. These contributions can be realised by augmenting the QCD Lagrangian with the
topological term θg
2
32pi2FF˜ term, where θ is the QCD vacuum angle, F and F˜ stand for the gluonic field strength tensor
and its dual, respectively.
This θ can be further related to the QCD axion field (a) via the relation θ = a/fa, with fa being the axion decay
constant. Then the topological term modifies to g
2
32pi2
a
fa
FF˜ . By performing a chiral rotation of the quark fields by
the angle a/fa this can be further written as an interaction between the field a and the quarks [57], which produces
La = 2G2
{
ei
a
fa detψ¯(1 + γ5)ψ + e
−i afa detψ¯(1− γ5)ψ
}
. (37)
It is to be noted that the Lagrangian La is equivalent to L2 in Eq. 5, apart from the two exponentials. This new
Lagrangian containing axion field in Eq. 37 can as well be written in the form of Eq. 5 through a little bit of
manipulation as
La =G2
[
cosθ
{
(ψ¯ψ)2 − (ψ¯~τψ)2 + (ψ¯iγ5~τψ)2 − (ψ¯iγ5ψ)2
}
+ 2sinθ
{
(ψ¯ψ)(ψ¯iγ5ψ)− (ψ¯~τψ)(ψ¯iγ5~τψ)
}]
. (38)
9It can be easily verified that the Lagrangian in Eq. 38 is chirally symmetric but breaks the U(1)A symmetry as
required by QCD. Now with the inclusion of the axion field the new working Lagrangian becomes
LNJL = L0 + L1 + La. (39)
Once we have the total Lagrangian, we can get the thermodynamic potential (Ω) using the mean field approxima-
tion [48, 49, 58, 59]. Now from Ω one can obtain different condensates by solving the gap equations simultaneously.
For specific temperature and magnetic field these solutions will also depend on the axion field (a/fa) and thus as a
whole the potential will be,
Ω = Ω(T, eB, a). (40)
Once we have full potential we can calculate χt from Ω using the following relation
d2Ω(T, eB, a)
da2
∣∣∣∣
a=0
=
χt
f2a
. (41)
For a recent calculation of χt in the local NJL model with eB = 0 see [48] and for nonzero eB, see [49].
III. RESULTS
A. Choice of the fitting observables for eB = 0 and the ranges of parameters
As discussed above, the non-local NJL model for eB = 0 has three parameters G0, Λ, and m. (c plays a role only
for eB 6= 0.) To fix these, we would like to fit the model to match three independent observables. In this paper we
will work only with the two flavor model. We fit the parameters to self-consistently determined data from lattice
calculations for mpi, Fpi and 〈ψ¯fψf 〉. With this parameter set, we study the behaviour of u and d condensates in the
presence of magnetic field within non-local NJL model and compare them with the lattice results of Ref. [17] for zero
as well as nonzero temperatures.
The lattice study in Ref. [17] is done for physical pions, and they also quote the value of Fpi in the chiral limit
(86 MeV). However, since the value of the condensate for this lattice calculation was not available in the literature,
we use other lattice calculations to fit the parameters of our model.
We do note that the results of Ref. [17] are for 1 + 1 + 1 QCD and hence the model fitted to two flavour data
cannot be expected to capture the physics of the three flavor model completely. Indeed, as we will see below, the
crossover temperature for eB = 0 we obtain is lower than the crossover temperature in Ref. [17]. This is a well know
property of the non-local NJL model [1]. A direct comparison will require the generalization of the model to three
flavors which we will consider in future work. However, here, we study to what extent the two flavor model captures
the results found in Ref. [17] and hope that once the temperature is scaled by the scale TCO, the dependence on the
flavor content is not very strong.
To cover a range of self-consistently determined parameter values, we consider two different 2-flavor LQCD papers
to constrain our model: the first one is from Ref. [45] (we refer it as Brandt13) and the second one is from the
Ref. [46] (referred in the text as JLQCD). Both the calculations are performed at the physical mpi and the error on
mpi is assumed to be negligible in both cases. In both cases we fit to Fpi at the physical pion mass.
In the first set (Brandt13) the condensate value is renormalised, continuum extrapolated and also the finite size
effects are taken care of. This calculation can be considered as one of the state of the art calculations for these
quantities. An important point to note is that the central value of the condensate in the calculation is 〈ψ¯fψf 〉1/3 = 261
MeV.
The second set (JLQCD) is a slightly older calculation which does not incorporate some of these systematic im-
provements.1 They found a central value of the renormalised condensate (〈ψ¯fψf 〉1/3 = 240 MeV) which is somewhat
smaller than Brandt13. The motivation for considering this data set is so that the present model can be explored for
a self-consistent set of observables within the phenomenologically allowed range of condensates.
Ref. [43] considered condensates in the range 〈ψ¯fψf 〉1/3 = 210− 240 MeV and showed that the appearance of IMC
in the crossover region in the non-local NJL model depended on the value of the condensate and for condensates larger
than 240 MeV, for small eB, TCO increases as one increases eB (for the Gaussian form factor), in contradiction with
lattice observations.
1 One can look into the Ref. [60] for the available lattice results and the latest developments.
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The motivation for the considered range of the condensate in Ref. [43], comes from the cited articles [61, 62]. One
of them [61], using chiral perturbation theory, calculated the condensate to be in the range (200− 260 MeV)3 and the
other article [62], from a model calculation with fermions interacting via instanton-induced interaction, deduces the
condensate to be (270 MeV)3. However, the value of Fpi was fixed to be the physical value. With the more controlled
lattice results now available on Fpi and the condensate, one of the motivations for our paper was to fit the model to
these. We find that IMC near TCO sensitively also depends on the value of Fpi.
We begin our search for finding parameter space for the model with the Brandt13 data set. There we have errors
in the values of both the condensate [〈ψ¯ψ〉1/3 = 261(13)(1)MeV] and the decay constant [Fpi = 90(8)(2)MeV], so we
obtain total 9 parameter sets to cover the whole allowed range provided by the quoted data. We handle the errors in
a simple fashion by adding the systematic and the statistical errors in quadrature.
Figs. 1 and 2 represent the range of the model parameters as allowed by the LQCD observables (Brandt13). In
Fig. 1 the range is obtained for different condensate values as a function of Fpi, on the other hand it is for different Fpi’s
as a function of condensate in Fig. 2. The central values are represented by the black squares. The upper and lower
error bars are represented by blue triangles and magenta circles, respectively. While obtaining the parameter sets we
have observed that Fpi and mpi have very mild dependence on the current quark masses m, but the condensate has a
significant dependence on it. It is further to be noted from the same Fig. 1, that as we increase Fpi for a given value
of condensate the parameter Λ decreases whereas G0 increases. For condensate it is the other way around, i.e., as it
is increased Λ increases and G0 decreases, for a given value of Fpi (Fig. 2). Now Λ controls how the effective coupling
runs as function of momentum, i.e., how fast the effective coupling decreases with momentum. This information will
be helpful to qualitatively understand the outcome from different parameter sets. Out of these 9 parameter sets we
will investigate in detail only five — the central value along with the four corners.
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FIG. 1. Range of model parameters to access the full allowed range of the condensate including the errors as given in LQCD [45]
(Brandt13).
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FIG. 2. Range of model parameters to access the full allowed range of the PDC including the errors as given in LQCD [45]
(Brandt13).
In Table I, for further illustration, we have presented the central parameter set and the four corner parameter sets
associated with Figs. 1 and 2. The letters C, H and L stand for central, highest and lowest values, respectively. The
first letter corresponds to the value of condensate and the second one to the value of Fpi. These are the five parameter
sets from Brandt13 that we work with.
As in the scaled definition of the condensate given by Eq. 36, we need to use Fpi in the chiral limit (denoted as
Fpi,0) as well. In Fig. 3 we present the chiral limit behaviour of the Fpi and the condensate in the model by keeping
G0 and Λ fixed and only changing m to 0. This is a self consistent way to obtain the chiral limit within the model.
In the left panel of Fig. 3, we show the plot of Fpi for the central value of condensate (261 MeV) and in the right
panel the plot for condensate for three different values of Fpi, as allowed by the Brandt13 observables. We learn from
there that as we increase the pion mass, Fpi increases with almost constant slope. On the other hand the condensate
also increases with the current quark mass but the slope depends on the values of Fpi — it decreases as the value of
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〈ψ¯fψf 〉1/3(MeV) mpi(MeV) Fpi(MeV) Fpi,0(MeV) m(MeV) G0(GeV−2) Λ(MeV)
Parameter Set CC 261 135 90.0 85.26 4.06 19.05 939.54
Parameter Set HH 274 135 98.25 94.53 4.18 20.35 938.81
Parameter Set HL 274 135 81.75 73.58 2.94 11.11 1152.7
Parameter Set LH 248 135 98.25 95.48 5.57 41.45 742.22
Parameter Set LL 248 135 81.75 75.60 3.92 17.90 941.7
TABLE I. Central and the four corner parameter sets associated with the Figs. 1 and 2 for LQCD data [45] (Brandt13). The
quantities on the right of the double bars pertain to the non-local NJL model.
〈ψ¯fψf 〉1/3(MeV) mpi(MeV) Fpi(MeV) Fpi,0(MeV) m(MeV) G0(GeV−2) Λ(MeV)
Parameter Set CC 239.8 135 87.3 83.29 4.89 27.74 809.92
Parameter Set HH 243.8 135 92.9 89.82 5.25 33.74 773.65
Parameter Set HL 243.8 135 81.7 75.84 4.11 19.49 909.63
Parameter Set LH 235.8 135 92.9 90.26 5.78 43.60 713.90
Parameter Set LL 235.8 135 81.7 76.46 4.52 23.34 847.44
TABLE II. Central and the four corner parameter sets for LQCD data [46] (JLQCD). We use the same notational convention
as in Table I
Fpi is increased.
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FIG. 3. Pion decay constant and condensate in the chiral limit with G0 and Λ kept fixed. The left panel is obtained for the
central value of condensate (261 MeV), whereas for the right panel plot three different values of Fpi have been used.
Next we proceed with our analysis for parameter space following the lattice observables from JLQCD [46]. We get
the same qualitative behaviour for the parameter set as obtained using LQCD observables from Brandt13 [45] and
given in Figs 1, 2, and 3. Thus we skip showing the plots and instead display only the Table II prepared with the
same convention as described for Table I. In this table also, we just quote the numerical values for the central and the
four corner parameter sets. In the next subsection we describe the parameter fitting at zero temperature but nonzero
magnetic field.
B. Magnetic field dependence at zero temperature
In this subsection we fit the explicit U(1)A symmetry breaking parameter (c) with the LQCD data [17] at zero
T and nonzero eB. The lattice simulation provides us with the average and difference of the condensates. In the
model calculation the condensate average is independent of c but the difference depends on it. So we use the values of
condensate differences to fit c at zero T and nonzero eB. Then we further use this fitted value to predict the nonzero
T and eB behaviour of the condensate in the model and compare them with the lattice data in the next subsection.
First let us consider the condensate average. Analyzing the Brandt13 set, we compare the model results with the
LQCD data in Fig. 4, using their normalized definition of condensate as given in Eq. 36. It shows that for the CC
parameter set the matching with the LQCD data is very good even for finite eB. Using the corner parameter set we
obtain the spread in average condensate which is also shown with the dashed blue (HL) and green (LH) lines. The
other two parameter sets (HH and LL) fall within this spread as shown in the complete plot given in Appendix A
(Fig. 16). For eB = 0, the curves meet at unity just from the definition (Eq. 36).
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c χ2 per DoF
Parameter Set CC 0.058 1.5
Parameter Set HH -0.016 7.66
Parameter Set HL 0.188 1.44
Parameter Set LH -0.021 4.98
Parameter Set LL 0.249 0.19
TABLE III. χ2 fitting of condensate difference in c for all the five parameter sets from Brandt13.
c χ2 per DoF
Parameter Set CC 0.161 0.12
Parameter Set HH -0.009 0.33
Parameter Set HL 0.269 0.13
Parameter Set LH 0.004 0.04
Parameter Set LL 0.315 0.12
TABLE IV. χ2 fitting of condensate difference in c for all the five parameter sets from JLQCD.
What is interesting is that for the central value (CC) of the parameters, the condensate average agrees very well
with results from Ref. [17]. (The black points completely overlap with the red points within error bars.) However, for
the corners of the parameter space (LL, LH, HL, and HH) the agreement with the lattice results is not as good: the
slope for the eB variation is wrong. We examine this more carefully below.
In Ref. [1] it was already shown that the scaled condensate given by Eq. 36 has a mild dependence on the actual
value of condensate and Fpi was kept fixed. Here we have explored the Fpi dependence on all observable quantities
and as there is a significant difference in Fpi, hence in Fpi,0 for the corner parameter sets, we obtain a spread in the
average condensate.
The implication for the comparison in Fig. 4 is that the normalization factor N 2 = (mpiFpi,0)2 is very sensitive to
Fpi,0 and hence gives rise to the different slopes: the larger values of Fpi,0 lead to a smaller slope and vice versa. In the
lattice calculation in Ref. [17], Fpi,0 is taken to be 86 MeV. When we vary Fpi,0 in the range of values self-consistently
determined with the condensate, Fig. 4 shows the range of average condensate we obtain. For more details, including
the curves for the LL and HH data sets for Brandt13, see Fig. 16 in Appendix. A.
We repeat the analysis for the JLQCD data set and obtain qualitatively the same behaviour for the average
condensate. Therefore for continuity we do not show these results here but show them in Appendix. A in Fig. 18.
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FIG. 4. The condensate average as function of magnetic field as
compared with LQCD [17] data for Brandt13.
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FIG. 5. The condensate differences (u and d) fitted in c for
parameter set CC in Brandt13 for LQCD data [17].
Next let us consider the condensate difference. Σu−Σd = 0 for eB = 0 irrespective of the value of c. For finite eB,
Σu − Σd grows as eB increases and the rate of this increase is sensitive to c and we use this dependence to fit c.
As an illustrative example we show the best fit for the CC parameters for Brandt13. In principle, there is no reason
why c cannot depend on eB but we see from Fig. 5 that a one parameter fit in c is quite adequate to describe the
data. We see from Table III where the χ2/DoF is shown, c = 0.058 describes the data well for CC. The conclusion is
that the data for Σu − Σd as a function of eB allow us to extract the value of c, which can then be used to compute
additional observables (for example topological susceptibility) everywhere through the range from eB = 0 to about 1
GeV2.
The fitting for the other four corner parameter sets are shown in the Appendix A in Fig. 17. We summarize the
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Parameter Set CC HH HL LH LL
Brandt13 127.6 138.5 118.0 137.5 116.9
JLQCD 123.0 130.3 116.6 130.1 116.1
TABLE V. Crossover temperature at eB = 0 (we call this TCO) for all parameter sets of Brandt13 and JLQCD in MeV
results in Table III, which contains both the fitted c values and the corresponding χ2/DoF. For the central parameter
set the χ2/DoF is about 1.5, which is not bad. For HL and LL the fit is also reasonably good.
But for HH and LH we note that the fit is poor (χ2/DoF is quite large for these). (See Fig. 17 for details.) This
can be explained using our understanding as discussed in Sec. II (just after Eq. 32). We found that as we decrease
c from a positive value, χ2 improves for both of these parameter sets, but in the process of getting a good χ2 it hits
the boundary beyond which the role of σs and pi
3
s gets reversed and further improvement in χ
2 is no longer possible
by decreasing c.
Similar results are obtained for the five parameter sets from JLQCD. We summarize the results for χ2 and the
fitted value of c for the five parameter sets from JLQCD (Table IV) without showing the figures. We see that the
quality of fits in c for JLQCD is somewhat better compared to Brandt13.
Now with these fitted c values we will explore the nonzero T behaviour of both the condensate average and the
difference.
C. Results for nonzero temperature
1. Condensate average and the phase diagram
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FIG. 6. Plot of condensate average for different values of magnetic field as a function of temperature for parameter set CC of
Brandt13 along with the LQCD data [17].
In this subsection we study the results for condensate average at both nonzero T and eB. The main assumption
here is that the parameters G0, Λ, m and c are independent of eB and T and we use the values fitted at T = 0 for all
of these (Tables I, III for Brandt 13 and Tables II, IV for JLQCD), and compare the results with the LQCD data [17].
The value of the average condensate is very insensitive to c if we vary it within the range [0, 1].
Since it is a representative value from Brandt13 [45], we start our discussion with the CC parameter set. In Fig. 6
the temperature dependence of average condensate is presented for the central parameter set of Brandt13 for five
different values of eB. The top left panel is for 0.2 GeV2 and we increase eB in steps of 0.2 GeV2 from left to right.
The crossover temperatures from the LQCD calculation [17] for eB = 0 and in the present model are different. For
a clear notation, we call this TCO. The crossover temperature at finite eB we will call TCO(eB). The value of TCO in
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Ref. [17] is given to be 158 MeV. The values for the model are shown in Table V. The crossover temperature in both
is defined as the inflection point of the average condensate.
While the overall scale of the thermal transition is not captured in the model, to see if the model describes how the
condensate changes as a function of the ratio of the temperature to the crossover scale, we follow previous literature
and compare our calculations with lattice calculations as a function of T/TCO.
We observe that the results from the model (Fig. 6) agree reasonably well with the LQCD data throughout the
temperature range considered, for eB smaller than 0.4 GeV2. At low temperature the agreement is good for all eB
considered, as already seen for the CC in Fig. 4. For low eB the temperature dependence is captured since we have
scaled T by TCO, and the crossover temperature is not significantly changed by eB. For the higher values of eB
the agreement is lost particularly around and after the transition temperature (TCO). The crossover temperature
increases with eB in the model for CC, and does not capture the physics of the IMC seen in LQCD. [This is apparent
from the curve of TCO(eB)/TCO for CC in Fig. 8. The results from all the four corners are summarized in Fig. 8,
which will be discussed in detail below.]
Exploring the parameter space further, we have similarly investigated the four corner parameter sets (Table I).
We show results here for only the LH parameter set (Fig. 7), as it produces the IMC effect around the transition
temperature. [This is apparent from the curve of TCO(eB)/TCO for LH in Fig. 8.] In this case (Fig. 7) the average
condensate deviates from the LQCD results at zero T but matches well with the same around the crossover temperature
for all possible strengths of eB, hence qualitatively reproducing the phase diagram (Fig. 8) as obtained from LQCD.
The model prediction being off at smaller values of temperature can be understood from the zero T plot as shown in
Fig. 4.
For the remaining three corner parameter sets (HH, HL and LL) we observe that the finite temperature behaviour
of condensate average is qualitatively similar to that of CC parameter set. Despite the aforementioned conclusion,
these three corner parameter sets explore the parameter space in Λ and G0 and this further leads us to a better
understanding about the IMC effect in such effective QCD models.
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FIG. 7. Plot of condensate average for different values of magnetic field as a function of temperature for parameter set LH of
Brandt13 along with the LQCD data [17]. The values of eB are 0.2, 0.4, 0.6, 0.8 and 1.0 GeV2.
It is expected from the figures above that the crossover temperature in the model for the central parameter set
will deviate from that of LQCD as eB is increased. This is what is observed from Fig. 8 where the predicted phase
diagrams for all five parameter sets are displayed. It is noted from the phase diagram that the decrease of TCO(eB)
as a function of magnetic field as obtained in LQCD simulation is not reproduced with the central parameter set,
i.e., the IMC effect is missing at least up to the range that we have explored. For Brandt13 the only parameter set,
i.e., the LH one is able to qualitatively capture the IMC behaviour of TCO(eB) as function of magnetic field. As the
model TCO(eB)/TCO for this set is closer to that of LQCD compared to other sets, the average condensates are in
good agreement with the data around the crossover temperature.
From the phase diagram we also find that we get better agreement with LQCD results as we decrease the condensate
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FIG. 8. The phase diagram in T −eB plane for all parameter sets of Table I (Brandt13) along with that as given by LQCD [17].
and/or increase Fpi. The necessity of smaller values of the condensate has already been demonstrated by Scoccola
et. al. (see the left panel of Fig. 3 in Ref. [1] for the Gaussian form factor). But our analysis indicates that
whether the non-local effective QCD model shows the IMC effect also depends on the values of Fpi. This observation
becomes apparent when the analysis is performed with sets of self-consistent parameters fitted to LQCD results 2.
This observation motivates us to consider JLQCD observables as our second choice, which has a lower condensate
value compared to Brandt13.
As discussed in Sec III A, this observation can be related to the constants of the model, namely Λ and the coupling
constant (G0). We observe that lower Λ and higher G0 gives a better agreement with LQCD results. One of the
important features of non-local NJL model is that it captures an important property of QCD, the running of coupling
constant which gives rise to the asymptotic freedom. For higher Λ the effective coupling constant decreases with a
slower rate as compared to smaller Λ and thus getting more contribution from higher momentum modes. It leads to
delay of achieving asymptotic freedom, which is crucial for obtaining IMC effect [22, 23, 63].
With this understanding, we proceed further, following the same steps for the parameter set from JLQCD. This
provides us with the scope of putting our understanding in a stronger foothold. The qualitative understanding
about the behaviour of condensate average for JLQCD parameter set almost remains the same as that for Brandt13.
Therefore, in the main text we only include the plot of condensate average for the LH parameter set from JLQCD,
which produces a reasonably good matching with the LQCD data as shown in Fig. 9. The central parameter set,
being the representative value of JLQCD data set, is shown in Appendix B (Fig. 19).
For further investigation we obtain the phase diagram in T − eB plane for the JLQCD parameter set in Fig. 10.
Here also we get a similar qualitative behaviour to that observed for Brandt13. One difference is that here we obtain
IMC effects for two parameter sets (LH and HH) — the LH one being more prominent. For the attainment of the
IMC effects in the HH parameter set, we should note that the highest value of condensate for JLQCD is much lower
than even the lowest value of that in Brandt13. Here we also explore the Fpi dependence and we get to know that
IMC effect around TCO gets enhanced as one increases the Fpi. Thus we can conclude that the observation of IMC in
such model depends on the actual parameter fitting.
To summarize, the main results of the analysis of the average condensate for finite T are represented in Figs. 8
and 10. It is also to be noted here that the parameter sets reproducing the IMC effects (from both the LQCD results)
are not the central values of the data, rather the data from the corners which are obtained using the given errors for
each data set.
2. Condensate difference
In this subsection we describe the condensate difference obtained by using the two different LQCD parameter sets,
and compare with the LQCD findings for different strengths of eB.
To understand the results it is helpful to review the idea of “flavour mixing” [44] in the presence of backgrounds
that break iso-spin symmetry. The idea is most cleanly displayed for the local NJL model where the constituent
2 We find that the values of the condensate as used in Ref. [1] are relatively smaller than what is quoted in different LQCD studies. There
is also a difference in the value of mpi between the Ref. [1] and us. Their quoted value is 139 MeV.
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FIG. 9. Plot of condensate average for different values of magnetic field as a function of temperature for parameter set LH of
JLQCD, along with the comparison with LQCD data [17].
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masses (the analog of Eq. 27) are given by,
Mu = m− 4G1〈u¯u〉 − 4G2〈d¯d〉
Md = m− 4G1〈d¯d〉 − 4G2〈u¯u〉 , (42)
where G1, G2 are given in Eq. 7. In particular, for c = 0, G2 = 0 and Mu decouples from 〈d¯d〉 and vice versa and the
equations for the two condensates are independent. For c = 1, G1 = 0 and the gap equations for the two condensates
are maximally coupled. In terms of the Lagrangian, c = 0 implies L2 (Eq. 5) is set to zero which further signifies
complete flavour decoupling and maximal “flavour mixing” corresponds to c = 1 which implies that L1 (Eq. 4) is set
to zero. For the non-local model, the relation between σs + pis (σs − pis) and 〈u¯u〉 (〈d¯d〉) is more complicated but the
intuition that the two gap equations decouple for c = 0 still holds.
With this intuition in mind we start with the CC parameter set of Brandt13 (Fig. 11). The value of c fitted to
T = 0 for this set is c = 0.058 (Table III). In the figure we have also shown the plots for c = 0 and 1 to cover the range
from complete flavour decoupling all the way to maximal “flavour mixing”. This sheds some light on how the “flavour
mixing” effects impact the behaviour of condensate difference in presence of eB at finite T . We note that like the
condensate average, the condensate difference does not agree well with LQCD data around the crossover temperature.
While the LQCD calculation shows that the point of inflection of Σu − Σd decreases slightly as eB is increased, for
the CC dataset we find that the point of inflection of Σu − Σd does not follow this trend.
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Since we reproduced the IMC effect qualitatively for the LH parameter set for Brandt13, we also show the corre-
sponding plot of the condensate difference in Fig. 12. The value of c fitted to T = 0 for this set is −0.022 (Table III).
Here one can notice that model prediction for condensate difference falls at a faster rate than the LQCD data, whereas
for the condensate average it was the other way around. The physics of the IMC effect is therefore more pronounced
for this observable. One more thing to notice is that for the strongest three magnetic fields eB = 0.6, 0.8, 1.0 GeV2,
the plot of |Σu − Σd| shows an interesting behaviour for c ∼ 0. After a rapid drop to 0 before TCO, |Σu − Σd| once
again increases around the crossover temperature, and then gradually decreases again. It is particularly observed for
smaller c values. This shows up as an oscillatory behaviour about Σu − Σd = 0, but as we have used the absolute
value of the condensate difference in the plots for clarity, all data are projected above the T -axis.
This behaviour can be explained as follows. For any arbitrary strength of the magnetic field at T = 0, the u
condensate is always greater than the d condensate because its coupling with the magnetic field is twice as strong as
that of the d quark. But for the LH parameter set which has a small negative fitted c value, this scenario gets altered
around the crossover temperature. For c = 0, as discussed below Eq. 42, the u and d condensates decouple and can
vary independently. For this particular c which is small but not 0, the partial decoupling of the u and d condensates
leads to an independent drop of Σu at a faster rate as T approaches TCO before Σd, i.e., the IMC effect is stronger
for Σu than Σd due to a larger |qu| (Eq. 27). Hence Σu −Σd becomes negative just before TCO. Eventually, both the
condensates catch up and drop asymptotically to 0.
At zero magnetic field, pis = 0, and c does not have any influence on the condensates. Introduction of magnetic
field separates the two, hence stronger the magnetic field greater the effect.
This kind of behaviour just below TCO is not a peculiarity of this particular model for small c. In fact, in the local
NJL (3 flavour) model a different kind of scenario is also observed, where the d condensate decreases with a faster rate
as compared to that of u one resulting in a ‘bump’ like behaviour in the condensate difference around the crossover
temperature before finally going to zero ([14, 23]). The authors explained this using higher coupling constant of u
quark with magnetic field as compared to d, which relatively delays the decrease of u condensate around the crossover
temperature since they consider a constant coupling constant which does not reproduce IMC. This argument is indeed
the crucial one to explain such behaviour, but as we have found that the “flavour mixing” effects could possibly play
an important part too.
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FIG. 11. Plot of condensate difference for different values of magnetic field as a function of temperature for parameter set CC
of Brandt13.
For JLQCD we only show the plot for LH parameter set, as the IMC effect is better obtained here as far as the
LQCD result is concerned. We learn from these Figs.11, 12 and 13 that as we go from CC parameter set to LH of
Brandt13 the matching with LQCD data gets better and it even improves further as we go from LH of Brandt13
to that of JLQCD. For the sake of completeness we also include the plot for condensate difference for the central
parameter set of JLQCD in Appendix B (Fig. 20).
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FIG. 12. Plot of condensate difference for different values of magnetic field as a function of temperature for parameter set LH
of Brandt13.
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FIG. 13. Plot of condensate difference for different values of magnetic field as a function of temperature for parameter set LH
of JLQCD.
D. Topological susceptibility
In this section we describe our model predictions for χt. We use the fitted c values from tables III and IV to
calculate the χt using Eq. 41. The plot is shown in Fig. 14, where the left panel is for the central parameter set (CC)
of Brandt13 and the right panel is for that of JLQCD.
The field a is connected to U(1)A transformations of the quark field and hence the topological susceptibility is
related to the extent of the U(1)A symmetry breaking. L2 explicitly breaks U(1)A symmetry. (The small quark mass
m also breaks U(1)A weakly.) Furthermore, the chiral condensate spontaneously breaks U(1)A. Hence we expect
that the topological susceptibility is sensitive to both c and the chiral condensate. In particular, in the chiral limit,
if c = 0, χt will be 0.
While the CC set captures the behaviour of the average condensate for eB all the way up to 1 GeV2 for small T ,
(Figs. 4, 18) the behaviour of the average condensate for eB > 0.2GeV2 near T/TCO ∼ 1 is not described well [Figs. 6
(Brandt13) and 19 (JLQCD)]. Therefore, we expect that the Fig. 14 is not a quantitatively accurate description of χt
for eB > 0.2 GeV2 in the crossover region. In particular, we expect a sharper drop for χt near TCO as eB is increased,
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just like the IMC effect for the average condensate. For smaller eB, we expect Fig. 14 to describe χt in the shown
temperature range.
For comparison with the LQCD results we have used two separate results from LQCD calculations available in the
literature. The red band is obtained from the Ref. [64]. In this reference they used a 2 + 1 + 1 flavour LQCD and
extend their analysis further to give the equation of state in 2 + 1 + 1 + 1 flavour QCD. But as charm quarks begin to
contribute to the equation of state above 300 MeV, they used 2 + 1 flavours dynamical quarks up to 250 MeV. So this
red band used in the Fig. 14 is basically a 2 + 1 flavour lattice result for χt. In that original paper [64] the authors
have given the plot as a function of temperature. To scale it with the transition temperature we used Ref. [65],
where the authors have given the range of the TCO depending on the observables they use. Since in the model we
are calculating the TCO from the inflection point of the condensate, it makes sense that we use the value calculated
using the same observable in lattice simulation, which is found to be 155 MeV. There is another LQCD result [66]
shown by the gray band, which is also a 2 + 1 flavour calculation. There the result is already provided as a function
of scaled temperature and is given starting from close to TCO.
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FIG. 14. Topological susceptibility as a function of scaled temperature for the CC parameter sets. The left panel is for Brandt13
and the right panel is for JLQCD. The red and the gray bands represent lattice results from the Refs. [64] and [66], respectively.
The black squares in the plot are the model predictions at zero eB with the fitted c values. The model predictions
match quite well with the red band for both parameter sets and does slightly better for the JLQCD. The results for
the LH parameter set is shown in Eg. 21 in Appendix C.
Then we further explore the impact of the magnetic field on χt and learn that it increases with the increase of eB
below the transition temperature. This is easily understood as eB increases the condensate at low T . This finding
has already been reported in Ref. [49] in the local NJL model. There are two main differences between our calculation
and Ref. [49]. The first is that we use a value of c determined by matching to T = 0 LQCD results at T = 0. Second,
we observe that after the transition temperature we don’t see any effect of magnetic field on χt and they all fall on
top of each other, whereas Ref. [49] reported a considerable impact from the magnetic field even after the transition
temperature qualitatively following the behaviour of the condensate average as expected from the discussion above.
For model parameters which show magnetic catalysis around TCO [49], χt increases with eB in this region while for
model parameters that show the IMC effect, χt also shows a decrease with eB around TCO.
In Fig. 15 we show the sensitivity of the result to the value of c for eB = 0. We see that currently the LQCD results
for χt cannot distinguish between the fitted value of c, c = 1/2 (standard NJL model), and c = 1 (maximal mixing).
But slight improvement in the results will soon be able to constrain c values independently which will provide a strong
constraint on the model.
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FIG. 15. Topological susceptibility as a function of scaled temperature for different c values for the CC parameter sets
of Brandt13 (left) and JLQCD (right). The red and the gray bands represent lattice results from the Refs. [64] and [66],
respectively.
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IV. CONCLUSIONS AND OUTLOOK
In this paper we have studied the two flavour non-local NJL model in the presence of magnetic field and explored
the chiral crossover. Our investigation builds upon the non-local NJL model calculations of Refs. [1, 43] with some
important additions.
The first is that we add to the non-local form of the standard four Fermi NJL interaction, the non-local form of the
’t Hooft determinant term with an arbitrary coupling constant which is governed by a dimensionless parameter c. In
the Refs. [1, 43] c is taken to be 1/2, which is generally the case in the usual NJL model. In absence of any iso-spin
symmetry breaking (we assume equal u and d current quark masses) the value of c does not play any role because
only the sum of the u and d condensates is non-trivial. But in the presence of iso-spin symmetry breaking agents like
an isospin chemical potential [44] or/and magnetic field [10], the two condensates become different because of their
different couplings to the agents. The difference between the u and d condensates is particularly sensitive to c. This
is evident from the gap equation associated with pi3s (Eq. 30).
Our second major addition is that we have attempted a more systematic analysis of the parameters of the model
by fitting to self-consistent set of lattice results. For eB = 0, the parameters G0, Λ and m were fixed to mpi, Fpi, and
the condensate (at T = 0). We used two sets of lattice results [45, 46], which (importantly) have different central
values of the chiral condensate.
Then considering T = 0 results for finite eB, we found that an eB independent c describes the lattice results for
the u, d condensate difference at T = 0 quite well, which allows us to extract the value of c using lattice results on
the u, d condensate difference. We estimate this observation to be significant, as to our knowledge, for the first time
c has been constrained using lattice results.
In the past efforts have been made to constrain c, but from different perspectives than us, particularly by these
two Refs. [10, 44] which we summarize here to emphasize the difference with our approach. Ref. [44] discusses the
effect of c on the phase diagram for small T and high chemical potential (µ) region, in presence of isospin chemical
potential(µI). For zero instanton interactions the quarks decouple, hence give rise to different transition lines in T −µ
plane. Though the authors argued that in their respective T − µI plane they will be identical. They obtained a
critical value for c above which these two transition lines merge with each other in the T − µ plane. They also drew
analogy from 3-flavour NJL model to estimate the value of c, which turned out be close to the one obtained from
the phase diagram. Ref. [10] has done similar analysis to Ref. [44] with a non-zero magnetic field instead of isospin
chemical potential. With zero instanton effects one obtains two different phase transitions. In this paper they showed
that as one introduces the “flavour mixing effects” through c, the transitions come closer to each other and beyond
some critical value of c they merge to become a single phase transition. In these works the value of c is found to be
approximately within the range 0.1− 0.2.
In our calculation, after fitting c to T = 0 results for the splitting between the u and d condensate values, we use the
model to analyze the average condensate and the splitting as a function of T and eB. These results are summarized
in Sec. III C 1 and Sec. III C 2. We found, like Ref. [1], that within the error band of 〈ψ¯ψ〉1/3 IMC is obtained for the
condensates near the lower edge of the range. Furthermore, we observed that within the error band of Fpi to get a
better match with the phase diagram given by LQCD [16] one needs to consider Fpi towards the upper edge of the
range.
We further test our model by calculating the topological susceptibility (χt) and comparing that with the available
LQCD results. We observed that with the fitted eB independent c values the model’s prediction for χt at zero
eB matches well with the lattice results. For non-zero eB (for which, to our knowledge, there is no lattice study
available for χt) we found that the χt increases as one increases the strength of the magnetic field up to the crossover
temperature. This conclusion is similar to what is found in Ref. [49]. We also observed that, in the present model,
χt’s for different values of eB fall on top of that at zero eB once we go beyond the crossover temperature. All these
observations can be understood following the correlation between topological susceptibility and condensate average,
as we know that the condensate is responsible for spontaneously breaking U(1)A symmetry along with the chiral
symmetry. This connection is well reflected in the present study. All these predictions for nonzero eB could be
further tested in future when lattice data becomes available for the same.
One natural extension of our study is the analysis of 2 + 1 flavour QCD. The U(1)A breaking term in this case is
dimension 9 and the strength of the interaction is well known to be related to the η−η′ mass splitting [50, 51]. It will
be interesting to see whether the results for Σu −Σd for finite eB at both 0 and finite T can be adequately described
by the 2 + 1 flavor model, or other terms in the effective models are necessary.
More recently, a magnetic field dependent ’t Hooft interaction strength for three flavour [67] has been considered.
All these facts validate our choice of considering arbitrary strength of ’t Hooft interaction in presence of magnetic
field. In principle c can also depend on eB as well as T , though we do not see evidence of a strong dependence on
these variables in the range we consider. However, a closer analysis of these effects will be interesting.
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FIG. 16. The condensate average as function of magnetic field as compared with LQCD [17] data for all five parameter sets
from Brandt13.
A. χ2 FITTING FOR CORNER PARAMETERS
The average condensate for all the parameter sets of Brandt13 is given in the Fig. 16.
We already have presented the χ2 fitted value of c in Table III to match the condensate difference with LQCD
findings for all parameter sets at zero temperature. Here we present the χ2 fitted data of condensate difference as
function of magnetic field at zero temperature for the corner parameter sets (HH, HL, LH and LL) of Brandt13.
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FIG. 17. The condensate difference fitted to LQCD data in c for all the four corner parameter sets. The fitted values of c and
χ2/DoF are given in Table III.
Similarly the average condensate for all the parameter sets of JLQCD is given in the Fig. 18.
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FIG. 18. The condensate average as function of magnetic field as compared with LQCD [17] data for all five parameter sets
from JLQCD.
B. FINITE TEMPERATURE DEPENDENCE OF CONDENSATE FOR CC PARAMETER SET OF
JLQCD
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FIG. 19. Plot of condensate average for different values of magnetic field as a function of temperature for parameter set CC of
JLQCD.
Here we show the plots for both average and difference of condensates for the the central parameter set of JLQCD.
Fig. 19 depicts the variation of condensate average as a function of T whereas Fig. 20 shows that for condensate
difference.
C. χt FOR LH PARAMETER SET OF JLQCD
In Fig. 21 we show the topological susceptibility for the LH parameter set for JLQCD. The motivation for showing
this figure is that this parameter set shows the strongest IMC effect for the crossover (closest to LQCD results) of the
parameter sets we analyze (see Fig. 10 for details). We note that for eB = 0, χt for this parameter set in our model
is far below the LQCD value at eB = 0. We can understand this as follows.
For a fixed eB, the topological susceptibility is 0 for c = 0 and rises as we increase c from 0. The fitted value of c
for the LH parameter set is 0.004 which is very close to 0. This is the reason for a very low χt.
It is interesting that in the model, the parameter set which shows the IMC effect for the condensate near TCO
at finite eB is inconsistent with the LQCD results for χt at eB = 0, but the parameter set (CC, Fig. 15) which is
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FIG. 20. Plot of condensate difference for different values of magnetic field as a function of temperature for parameter set CC
of JLQCD.
consistent with the LQCD results for χt at eB = 0 does not show the IMC effect for finite eB near TCO. Therefore
this model misses some aspects of the dynamics at finite eB near TCO. It will be interesting to reanalyze the model
with the Lorentzian form factor which tends to show a better agreement with LQCD data for non-zero eB near TCO
for larger condensate values, and see if it can describe the entire set of LQCD data consistently.
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FIG. 21. Topological susceptibility for different magnetic fields for the LH parameter set of JLQCD for c=0.004 (fitted).
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